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Abstract 



^^ ■ The Maxwell-Chern-Simons theory is canonicahy quantized in the Coulomb 

gauge by using the Dirac bracket quantization procedure. The determination 

^ ■ of the Coulomb gauge polarization vector turns out to be intrincate. A set of 

quantum Poincare densities obeying the Dirac-Schwinger algebra, and, there- 

;_( ■ fore, free of anomalies, is constructed. The peculiar analytical structure of 

C^ , 

the polarization vector is shown to be at the root for the existence of spin 

of the massive gauge quanta.The Coulomb gauge Feynman rules are used to 
compute the Moller scattering amplitude in the lowest order of perturbation 
theory. The result coincides with that obtained by using covariant Feynman 
rules. This proof of equivalence is, afterwards, extended to all orders of per- 
turbation theory. The so called infrared safe photon propagator emerges as 
an effective propagator which allows for replacing all the terms in the interac- 
tion Hamiltonian of the Coulomb gauge by the standard field-current minimal 



interaction Hamiltonian. 
PACS: ll.lO.Kk, U.lO.Ef 
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I. INTRODUCTION 

As is known |]l],0|, the Maxwell- Chern- Simons (MCS) theory is a (2 + l)-diniensional field 
model describing the coupling of charged fermions {ip, ip) of mass m and electric charge e to 
the electromagnetic potential A^ via the Lagrangian density 

C = -^F^uF^" + ^e^-^F^,A^ + '-^^d^,^ - '^(d^ij)!^^ - m^^ + e^YA^^, (1.1) 

where F^^, = d^A,, — d^A^ and 6* is a parameter with dimension of mass. Neither parity nor 
time reversal are, separately, symmetries of the model [] 

The quantization of the MCS model in covariant gauges is free of inconsistencies 0. 
On the other hand, the quantization of the free MCS theory in the Coulomb gauge already 
demands special care, due to the appearance of infrared divergences '^. Although it has 
been argued that these singularities can be avoided and some results of the Coulomb 
gauge version of the theory have been used from time to time for different purposes 0, the 
consistency of this formulation has not yet been fully established. This paper is dedicated 
to study the Coulomb gauge quantization of the MCS model. 

In Section II we determine the polarization vector for the free MCS theory in the Coulomb 
gauge. This is an essential piece of information in what follows and, as will be seen, it will 
be done by gauge transforming the polarization vector of the Landau gauge. 

In Section III the free MCS theory is canonically quantized, in the Coulomb gauge, by 
using the Dirac bracket quantization procedure |§|-§. After finding the equal-time commu- 
tation relations and the canonical Hamiltonian, we build the reduced phase space HJ^ and. 



^Throughout this paper we use natural units {c = h = 1). Our metric is goo = "511 = "522 = 1. 
For the 7-matrices we adopt the representation 7^ = (t^,^ = ia^,^ = ia'^, where a^,i = 1,2,3 
are the Pauli spin matrices. The fully antisymmetric tensor e^'^^ is normalized such that e^^"^ = 1 
and we define e*-^ = e^^^ . Repeated greek indices sum from to 2, while repeated latin indices from 
the middle of the alphabet sum from 1 to 2. 



then, solve the Heisenberg equations of motion for the independent variables. Afterwards, 
the Hilbert space of physical states is constructed. As we shall see, all excitations turn out 
to be massive. 

Section IV is dedicated to study the Poincare symmetry for the free MCS model. We first 
show that there exist a set of densities with vanishing vacuum expectation values and obeying 
the Dirac-Schwinger equal-time commutator algebra |^. These densities are, therefore, free 
of anomalies and their space integrals yield the corresponding Poincare generators. Of 
particular interest is the generator of rotations because of the delicate mechanism giving 
rise to the spin of the gauge particle. 

The fermions are brought into the game in Section V. The Dirac bracket quantization 
procedure is used again to quantize the full theory in the Coulomb gauge. Then, the free 
Hamiltonian, the interaction Hamiltonian and the Feynman rules are found. The core of the 
Section is concerned with the computation of the lowest order contribution to the Moller 
scattering amplitude by using the Coulomb gauge Feynman rules. We demonstrate that 
the result agrees with that found by using covariant gauge Feynman rules fTyjTTj] and, 
moreover, that the infrared safe propagator []I|,|T2| arises as an effective photon propagator 



which allows for replacing all non-covariant terms in the interaction Hamiltonian by the 
field-current minimal interaction 

In Section VI we analyze the Moller scattering amplitude to all orders in perturbation 
theory. We prove, order by order, that the Coulomb and the covariant gauge Feynman rules 
yield the same result. 

The conclusions are contained in Section VII. 

II. DETERMINATION OF THE POLARIZATION VECTOR IN THE COULOMB 

GAUGE 

The dynamics of the free MCS theory is described by the Lagrangian density 

L = -\f^uF^'' + -^e^-^F^^A^, (2.1) 



from which one derives the following equation of motion for the field A^, 

DA^ - df^idaA") + Oe'^^^'df^A^ = 0. (2.2) 

After taking into account the Coulomb gauge condition, 

X = d^A^ = 0, (2.3) 

the equation of motion ( ^.21 ) reduces to 

DA^ - df^idoA^) + Oe'^^'^d^A^ = 0. (2.4) 

In Hamiltonian language, the MCS theory possesses two first-class constraints and, hence, 
two subsidiary conditions are needed to fix the gauge completely Q]. Thus, one is left 
with only two independent variables in phase space, one coordinate and one momentum. 



Correspondingly, this theory only exhibits one degree of freedom in configuration space |]T3 
Therefore, it should be possible to write a plane wave solution of ( p.4| ) in terms of a single 
polarization vector {e^{k)), namely, 

Af^ix) = e^{k)e'^-\ (2.5) 

When ( [2. 51 ) is inserted back into ( ^2.31 ) and ( [2. 41 ) one obtains, respectively, 

k'e\k) = (2.6) 

and 

S^"e,(A;) = 0, (2.7) 



where 



■^fSa 



-k^g'^'' + k^k^g^"" + iOe^P'^kp. (2.8) 



The vanishing of the determinant of the matrix S^° is a necessary and sufficient condition 
for the homogeneous system of equations in (|2.7|) to have solutions different from the trivial 



one e {k) = 0. One easily finds that 



detS = \k'\k'{k'-e'). (2.9) 

Hence, there are, in principle, three independent solutions for the system ( |2.7| ). This seems 
to contradict the above conclusion based on the counting of the number of independent 
degrees of freedom. However, one is to notice that the polarization vector associated with 
the massless mode k^ = can only occur if A;^ = which in turn implies that A^ is just 
a constant. To the same conclusion one arrives by specializing ( p.7|) and ( |2.8|) to the case 
k^ = 0. Thus, as previously asserted, only one of the excitations is dynamical. This is the 
one associated with the massive mode k"^ = 6"^. 

We next focus on finding the polarization vector for the massive excitation k"^ = 6"^. The 
transversality condition (p.6|) is readily satisfied by choosing 

e\k) = e'^kHiP). (2.10) 



With the aim of determining the unknown function b{k'^), we replace ( p.lO| ) into ( p.7| ). For 
/? = we obtain 

e°(fc) = ieb{P), (2.11) 

while for f3 = i one arrives at 

{-P + e'')e'' y h{}?) = 0, (2.12) 

which sais that the function 6(fc^) remains unknown. One may argue that a normalization 
condition for the space-like vector e^{k), that is still lacking, is all what is needed to solve for 
b{k). However, through this kind of device one only determines the modulus of b{k), while 
a possible phase factor would be missed. As will be seen, it is precisely a /c-dependent phase 
factor which accounts for the existence of spin in the present case. Furthermore, a simple 
calculation shows that, for example, e^{k)e*{k) = —1 leads to a function \b{k)\ which does 
not fulfills the regularity requirements assumed for a polarization vector. This difficulties 
recognize as common origin the fact that one is dealing with massive gauge quanta. Indeed, 
6^0 implies in the existence of a rest frame of reference {k = 0) for these particles and, 
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in such frame, the Coulomb condition ( p.6|) becomes ambiguous. This is an entirely new 
situation as compared with that encountered, for instance, in the Coulomb gauge formulation 
of QED4, where the gauge particle is massless. 

We are, then, forced to adopt a new strategy for finding for h{k'^). It consists in reaching 
the Coulomb gauge from the Landau gauge {d^A^ = 0) through the gauge transformation 
linking these two gauges^. One is to observe that, unlike the case of the Coulomb gauge, 
the Landau gauge condition 

fc^e^(fc) = (2.13) 

remains operative even in the rest frame of reference {k = 0). In Landau gauge, (|2.8|) is 
replaced by 

Sf = -egf^" + iOe^P'^kp , (2.14) 

whose determinant is 

detSi = k\P-e^). (2.15) 



As seen, there are massless and massive excitations in the Landau gauge |T^ 
For fc^ = 0, the simultaneous solving of ( |2.13| ) and 

Sf ei,„(A;) = (2.16) 

is straightforward and yields 

elik) = k^T^ik) , (2.17) 

where ri{k) is an arbitrary function of k. This confirms that the massless excitations are 
pure gauge artefacts llTSJ . 



^The gauge subscript L identify quantities belonging to the Landau gauge. Coulomb gauge 
quantities remain without gauge identification. 



On the other hand, for k"^ = Q'^ one finds that 

eL(^) = W\^-^l[^)^ (2-18a) 

|(7| 

4(^) = 4(0) + T-^^ri^^^' (2.18b) 

where e^(0) is the polarization in the rest frame of reference and uj^ = +(fc^ + 0^)^/^. From 
Eq.(p:Tg[) follows that |TB| 



e°(0) = 0, (2.19a) 



,2/n\ , ^ a 



4(0) = -^^4(0). (2.19b) 

|t7| 

To summarize, the physically meaningful Landau gauge polarization vector e^(fc) turns out 
to be a complex space-like vector obeying 

4ik)eLAk) = -4(0)- £-1(0) = 0, (2.20a) 

4iknAk) = -4(0) ■ el(0) = -2 |ei(0)p, (2.20b) 

where |e];^(0)| is to be fixed by normalization. 

We look next for the gauge transformation A (a;) linking the Landau and Coulomb gauges. 
It must be such that 

e^{k) = elik) + tk^Xik), (2.21) 

where A(x) = A(A;) expik ■ x. Irrespective of whether one is dealing with the massless or 
with the massive mode, one finds from ( |2.21| ) 

Xik)=^^^^. (2.22) 

k'' 

According to ( p.l7| ), A(A;) reduces, in the case of the massless mode, to X{k) = irj{k). 
When this result is replaced back into ( |2.21| ) one gets e^{k) = indicating that the massless 



(pure gauge) excitations are not present in the Coulomb gauge. As in 3+1- dimensions, the 
Coulomb gauge remains a faithful gauge in the sense of containing only physical excitations. 
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In the case of massive excitations one is to replace ( |2.18|) into ( p.22|) , thus obtaining 

(2.23) 



XCk)=^'-^^+^ ''^'^■' 



From Eqs. (gl8|) , (|2]2l|) and (|2]23D one now finds that 



e\k) = le 
e\k) = Is'^ - 



k^ 



d(o) 






e'^y 



(,-'W^ 



(2.24a) 
(2.24b) 



where 



fc2 

arctan -— 



(2.25) 



is the angle between the spatial vectors k and eL(0). In Eqs. (|2.24|) we quoted the final form 
of the components of the Coulomb gauge polarization vector. We succeded in expressing 
e^(fc) in a form that makes clear that it goes continuously to the corresponding value in the 
rest frame of reference. The peculiar structure of e*(fc) (see Eq.( |2.24b|) ) should be observed. 
It is at the origin of the spin of the massive gauge quanta. 



III. CANONICAL QUANTIZATION OF THE FREE MCS THEORY IN THE 

COULOMB GAUGE 



Within the Hamiltonian framework the free MCS theory is, as already pointed out [Q, 
fully characterized by the canonical Hamiltonian 



H = (fz 
the primary first-class constraint 



2 ^ ^ 2 4 8 



^0 = TTo ^ 



and the secondary firs-class constraint 



VLi = d'TTi + -e'W'A^ ^ 0. 



(3.1) 



(3.2) 



(3.3) 



Here, we have designated by vr^ the momenta canonically conjugate to A^^. As usual, the 
sector y4°, ttq can be ehminated from the phase space; ttq is fixed by the constraint condition 
( p.2| ) while A^ acts as the Lagrange multiplier of Qi and will be determined, after gauge 
fixing, as a function of the remaining canonical variables. 

The quantization of the system in the Coulomb gauge, x — d^A^ = 0, is straightforward. 
The set of constraints i7i ^ and ^^2 = x ~ is, by construction, second class and 
Dirac brackets P| can be introduced in the usual manner. One then promotes the phase 
space variables A\ iii to selfadjoint operators]^, and establishes that these operators are to 
obey a set of equal-time commutation rules which are abstracted from the corresponding 
Dirac brackets, the constraints and gauge conditions thereby translating into strong operator 
relations. This is the Dirac bracket quantization procedure [0-§, which presently yields 

[A\x\x), A\x\y)] = 0, (3.4a) 

[AXx°,f), 7r,(x°,f)] = tP^\x)6ix-y), (3.4b) 

[7r,(xO, x) , 7r,(a;0, y)] = -z ^ e'^ 6{x - y), (3.4c) 

where P^^{x) = 6'^ - didi/Vl and V^ = 8^81. 

We look next for the reduced phase-space, i.e., the phase-space spanned by the inde- 
pendent variables. It will prove convenient, for this purpose, to split A'^{x) and TTi{x) into 
longitudinal and transversal (T) components. From ^2 ~ follows that the longitudinal 
component of A'^{x) vanishes, whereas i7i ^ can be used to eliminate the longitudinal 
component of 7Ti{x) in terms of Alp{x). As consequence, the theory can be fully phrased 
in terms of A^rp[x) and TtJ{x). It is not difficult to check that the canonical Hamiltonian 
( p.l| ) and the equal-time commutation rules ( p.4| ), when casted in terms of the independent 
variables, read, respectively, as follows 



^To simplify the notation, we shall not distinguish between a quantum field operator and its 
classical counterpart 
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H = J dh[\njnj - \.]e^'A% + \f^^ F^^ + ^-^A^A^], (3.5) 

[AUx',x),AUx',y)] = 0, (3.6a) 

[AUx',x),7rJ{x\y)] = t P^^{x) 6{x - y), (3.6b) 

[7rf{x',x),7Tj{x^,y)] = 0. (3.6c) 

The Heisenberg equations of motion deriving from (|3.5|) and ( p.6| ) are 

d^AUx^,x) = 7Tf{x^,x), (3.7a) 

doTrfix'', x) = &F^\x\ x) - ^'^^(x", f), (3.7b) 

which, after decouphng, yield 

(n + 02^A^(x°,f) = 0, (3.8) 

showing that the excitations are all massive. As one can easily verify, the field configuration 

A?^)(x°,x) = — /4ie±^K.^°-^^-^^)4^H^), (3.9) 
27rJ J2uj^ 



solves the equation of motion ( p.8|) and the equal-time commutation relations (|3.6|) . Here, 



we have introduced the definitions 

A?^)(fc) = e\k)a^{k), (3.10) 

where e\k) is the Coulomb gauge polarization vector, found in the previous Section, and 

[a'(k), a~{kl)] = [a+(A?) , a^{kf)] = 0, (3.11a) 

[a~{k) , a+{9)] = —L^5{k-ki). (3.11b) 

As known, the creation-destruction algebra ( p.llD can be implemented in a Hilbert space 
with positive definite metric. So far, the canonical quantization of the MCS theory in the 
Coulomb gauge does not appear to be afflicted by ambiguities and can be sistematically 
implemented. In the next section we shall investigate the Poincare symmetry of the model 
and the origin of the spin of the gauge particles. 
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IV. POINCARE INVARIANCE OF THE FREE MCS THEORY. THE SPIN OF 

THE MCS QUANTA 

We start by considering the normally ordered composite operators 

e°°(x) = : F'^\x)F'>\x) : + ^ : F>'''{x)F^,ix) : , (4.1a) 

e°'=(x) = : F°^(x)F^^(x) : , (4.1b) 

Q''^{x) = - : F^{x)F^^{x) : -^6''^ : F'^^(x)F^^(x) : . (4.1c) 

Since we are working in the Coulomb gauge, the space components of the vector A'^{x) 
are purely transversal while the time component A^{x) is, as we already said, a Lagrange 
multiplier given in terms of the remaining variables by the expression 

^ X 

Furthermore, all the velocities in ( [4.1|) can be eliminated in favor of the momenta by using 
the Heisenberg equation of motion (|3.7a|) . Thus, all the composite operators defined in ( [4.1|) 
can be entirely written in terms of the independent phase-space variables. By using ( p.6|) 
one can check, afterwards, that these operators indeed verify the Dirac-Schwinger algebra 



[e°°(x°,f), 0°°(x°,y)] = -z {Q'\x',x) + Q''{x',y))d^,6{x-y), (4.2a) 

[e°°(a;°, x) , e°'=(a;°, y)] = -% (e'=-'(x°, x) - g^^ e°°(x°, y)) d^6{x - y), (4.2b) 

[e°^(x°, x) , e°^(x°, y)] = -I (e°'=(x°, x)d] + e°^(x°, y)dl) Six - y), (4.2c) 

and can, therefore, be taken as the Poincare densities of the free MCS theory. The generators 

of space-time translations (-P^), Lorentz boosts (J°*) and spatial rotations (J) are defined 
in the standard manner, 

P° = j Sxe^\x\x) = H, (4.3a) 

P' = fd^xQ^'{x^,x), (4.3b) 
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joi ^ _^0p. ^ /'d2x[x^e°°(a;°,f)], (4.3c) 

J = e^^' fd^xx'Q^^{x^,x), (4.3d) 

and can be seen to fulfill the Poincare algebra. We stress that, within the present formulation, 
the commutator [J°*, J^^], 

is free of anomalies [Q . 

We next analyze the spin content of the MCS quanta. By going with (|3.9| ) into Eq. (|4.1bD 



and with the result thus obtained into (|4.3d|) one finds that 

J = le^' fd^kAp^\k)k'^Ap-\k), (4.5) 

which after taking into account (|3.1CI|) and the explicit form of the Coulomb gauge polariza- 
tion vector derived in Section II (see Eq.( p.24'5|) ) can be casted as 

J = \t\{))\^ ^ I d?ka^{k)a-(k) + te''\e\0)\^ fd^ka+{k)k'-^a~{k). (4.6) 

The first term in the right hand side of ( [4.6|) is the spin part of the total angular momentum. 
It originates from the exponential in ( p.24&D . The action of the operator J on a single particle 
state {a~^{k)\0 >) can be readily derived. In particular, for the rest frame of reference one 
obtains 

J{a+(^ = 0)|0>} = -^{a+(^=o)|0>}, (4.7) 

\9\ 

which tell us that the spin of the MCS quanta is ±1 depending upon the sign of the topo- 
logical mass factor [p],p!7 . 



V. LOWEST ORDER MOLLER SCATTERING AMPLITUDE IN THE MCS 

THEORY 

In this Section we bring the fermions into the game. Within the Hamiltonian approach 
the dynamics of the MCS model in the presence of fermions is described by the canonical 
Hamiltonian 
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H' 



dh 



:^j^j 



2 4 8 



1 . . 1 • 

Zi Zi 



(5.1) 



the primary first-class constraint 



and the secondary first constraint 



d 



n^(x) = d^T^j{x) + -e'^d'A\x) - ieiT^ix) ■ ^(a;) ^ 0. 



(5.2) 



Here, vr^(x) = iip{x)''y^ is the momentum canonically conjugate to the field variable ip{x) 
and the dot symbolizes the antisymmetrization prescription (2 A ■ B = AB — BA). The 
quantization in the Coulomb gauge is performed, as in the case of the free MCS theory, by 
means of the Dirac bracket quantization procedure. For the bosonic sector one gets again 
the commutation relations in Eq.( |3.4| ), while the equal-time commutation relations involving 

the fermionic field variables are 

[ Pix -\ 

(5.3a) 

(5.3b) 

{?/'(x°,f), 7r^(x°,f)} =i5{x-y). (5.3c) 



7rj(a;°,f), V(a;°,y)] = e 


J 

V 


X 


Hx',y), 


7rj(x°,f), 7r^(x°,y); = - 


-e 


. ^ X 


y) 


7i"^(a^°,f), 



The reduced phase-space is now spanned by the independent variables A^, vrf , ip and 
TT^. In term of these variables the Hamiltonian H^ splits into the sum of a free {Hq) plus 
an interacting part (i^/), i.e.. 



H = Hq + Hi 



(5.4) 



where 



and 



H, 



Hn 



£z 



ivrfvrf - ^-^Je^^A^^ + \f^^ F^^ + ^-^A^A^ 



£z 



+ ^'i"V' ■ l^l^d^'ip + ^(f^-'TTv.) ■ 7°7^^ - ^"^TT^ ■ 7°^ 



• ■ 5* • e^ 1 

-ieiT^ ■ 7°7-'A^V' + ieOiT^ ■ i^e'^—A^ + — (vr^ ■ ^):=^(vr^ ■ ^) 



(5.5) 



(5.6) 
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On the other hand, the only nonvanishing (anti) commutators turn out to be 

[A^(x°,x), 7rJ(x°,y)] = I P^\x)S{x-y), (5.7a) 

{?/'(x°,f) , 7r^(x°,y)} = i6{x-y). (5.7b) 

The Coulomb gauge quantization of the MCS model in the presence of fermions has 
so far been purely formal. To test its validity, we shall next use it to compute the lowest 
order perturbative contribution to the electron-electron elastic scattering amplitude (Moller 
scattering). Since the S-matrix is a gauge invariant object, our result must coincide with 
that obtained for the same process when working in covariant gauges [|T^. 

From the inspection of ( [5.6| ) follows that the contributions of order {e^/0) to the above 
mentioned amplitude, from now on referred to as R^'^\ can be grouped into four different 
kind of terms 

i^(^) = E^i^^ (5.8) 

where 

2 



R? = -y(7')a6(7')cd I d^x I d^y{<^f\T{: Mx)Mx)AUx) 



X ■.My)My)AUy)-}\^i), (5.9a) 



4'^ = Y^lXbil'U I d'x I d'yS{x' - y')G,{x~y) 



X ($y| : iJa{x)i/jb{x)My)My) ■ \^t) , (5-9b) 

2 

4'^ = -^ei^''Uil'')cd I d'x I d'y{<!>f\T {: i>aix)Mx)AUx) : 

X : e^"^AJ?{y) I d'z5{y' - z')dlG{y - z)U^)U^) : j |$,) , (5.9c) 



e" 



R? = --e'e'^'e^-il'Uil'U 



X fd^xfd^y{^f\Ti.A^T{x) f dhi5{x^ - z'^)d^Gc{x - zi)ilJa{zi)Mzi) ■ 

X : AJpiy) fdh25{y' - z^)dlG,{y- f2)^c(^2)^d(^2) : j |$.) • (5.9d) 



Here, T is the chronological ordering operator and lower case latin letters from the beginning 
of the alphabet are spin indices running from 1 to 2. Also, Gc{x — y) is the Coulomb Green 
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function which, by definition, verifies VlGc{x — y) = S{x — y), while |$i) and |$/) denote 
the initial and final state of the reaction, respectively. 

For the case under analysis, both |$j) and |$/) are two-electron states. Fermion states 



obeying the free Dirac equation in 2+1-diniensions were explicitly constructed in Ref. pO 
where the notation v^~\p) {v^^\p)) was employed to designate the two-component spinor 
describing a free electron of two- momentum p, energy p*^ = +(p^+?7i^)^/^ and spin s = m/\m\ 
in the initial (final) state. The plane wave expansion of the free fermionic operators ip and 
ip in terms of these spinors and of the corresponding creation and anhilation operators goes 
as usual. 

In terms of the initial (^1,^2) and final momenta (^1,^2)5 the partial amplitudes in ( ^.9|) 
are found to read 



R? = ^S^'\p'i + P2 - Pi - P2) 

/vr 
X {[v^^\p[)iiey)v^-\pi)][v^+\p^){te-f^)v^-\p2)]D^'ik) - p[ < — > p^} , (5.10a) 

R? = ^S'^'Hp'i + P2 - Pi - P2) 

Zn 

X |[t)(+nPl)(^e7°)i;(-)(Pi)][^^+nP2)(^e7°)t;(-)(p2)]-^ - W — P2} , (5.10b) 

Rl^^ = -^S^'\p[+p'2-Pi-P2) 

X { [t; W {p[) (^eV)t;(-) (pi)] [v^''^ (p^) {ie^y^~'^ iP2)P{k) 

X [v^+\p[){te^'')v^-\pi)][v^+\p^){ie^')v^-\p2)]T\-k) - p[ < — > p^} , (5.10c) 

R? = ^5^'\p[+P'2-Pi-P2) 

Ztc 

X {[t;(+)(pO(^e7°)t;(-)(pi)][#+HP2)(^e7°)t;(-)(p2)]A(A;) - K ^^ p^} , (5.10d) 



where^ 



^''W-id^ (*"-§)■ ("^^) 



Our convention for the Fourier integral representation is f{x) = l/(27r)^ / S'kf{k) exp{ik 
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T\k) 



A{k) 



and 



e^^y 1 



\kWk^-9^ + ie) 



k = p'i-pi = -(P2-P2), 



(5.11b) 
(5.11c) 



is the momentum transfer. By going back with ( |5.1CI| ) into 
(5.11) one arrives at 

o2 



(5.12) 



and after taking into account 



X {[V^^\p[h''v^-\pi)] [V^'-\P^)YV^~\P2)] 



Pi 



P2} 



(5.13) 



where 



D^^^ik) 



k'^-e'^ + le 



g^^ + iOe 



fiup 



kP 



(5.14) 



and kP = (0, k). In the hterature ||l|,[l2[|, the effective Coulomb gauge propagator in Eq.( ^.14|) 
has been referred to as the infrared safe propagator. We stress that, unhke the case in 
electrodynamics {6 = 0), D^v{k) does not turn to be a covariant object. One also learns 
from Eq.( ^.13| ) that, when D^^{k) is used as the Coulomb gauge photon propagator, one is to 
replace all the non-covariant terms in Hi by the standard field-current minimal interaction. 
As for the equivalence between the Coulomb and the covariant gauges, we start by 
recalling that -R*^^^ is a Lorentz invariant object and, then, ( |5.13| ) can be evaluated in any 
Lorentz frame. In the center of mass frame, the energy transfer, 

vanishes and, whence, nothing changes if one replaces in the right hand side of the last 
mentioned equation 

kP — >kP 

\P\-^-k\ 
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After these replacements, Eg. ( p. 131) can be written 
where 



DUk) 



g^u - ide 



/lup 






(5.15) 



(5.16) 



k^-9^ + ie 

is the covariant Landau gauge propagator. Again, Lorentz invariance secures that ( 5.15 ) 
holds in all Lorentz frames. The equivalence between the Coulomb and the Landau gauge 
is by now established. To extend this equivalence to other covariant gauges, it is enough 
to observe that Dj^j^{k) in Eq. (|5.15|) is contracted into conserved currents and, hence, terms 
proportional k^^ can be added at will. 



VI. MOLLER SCATTERING TO ALL ORDERS OF PERTURBATION THEORY 



As it was shown in the previous Section, the Coulomb gauge Feynman rules are those of 
the covariant gauges with the covariant propagator replaced by the infrared safe propagator 
( p.l4| ). This Section is dedicated to demonstrate that this argument alone suffices to secure 
that, in any order of perturbation theory, the Moller scattering amplitudes computed in the 
Coulomb and in the covariant Landau gauge are indeed the same. The basic observation is 
that the difference between the Landau and the infrared safe propagator, given at Eqs.( ^.16D 
and ( |5.14| ) , respectively, is of the form 



Di^ik) - D^,{k) = k^G,{k) - k,G^{k) 



where 



G,{k) = e- 



-uOj 



yk'^ 



(6.1) 



(6.2) 



Consequently, the purported proof of equivalence has now been reduced to show that if in 
all graphs, of a given order in perturbation theory, one of the photon propagators is replaced 
by the right hand side of (|6.1| ), the sum of these modified graphs vanish. 



To see how this come about we examine the generic diagram in Fig. |l], where an internal 
photon hne has been singled out. After performing the above mentioned replacement the 
graph decomposes into the sum of two pieces, each containing either k^Gy{k) or kyG^{k). We 
study first the part containing k^Gu{k), hereafter referred to as P^^,. We furthermore assume 
that the incoming and outgoing fermion lines meeting at the vertex /i carry momentum p 
and p + k, respectively. By using 

J ■ k = [j ■ {p + k) — m] — (7 ■ p — m) , (6.3) 

one gets 

^ 7 -A; ^— = i ^— . (6.4) 



7-p — m 'y ■ (p + k) — m ^ ■ p — m ^ ■ {p + k) — m 

Thus, the fermion lines meeting at the vertex under analysis become amputated, one at the 
time. This in turn implies that P^j_i, splits into the sum of two contracted subgraphs. 

If the amputated line was an external fermion line, the corresponding contracted sub- 
graph vanishes due to the on shell condition. 

If the amputated line was an internal fermion line we must still distinguish two possibil- 
ities. First, the amputated line did not link directly the vertices /x and v. When this is the 
case, the contribution to the amplitude arising from this contracted subgraph is cancelled by 
the contribution made by a topoUogically equivalent contracted subgraph, originating from 
another diagram. Secondly, the amputated line did link the vertices /x and v. Then, it is 
clear that the contracted subgraph contains the tadpole integral 

SkG^{k) 

which can be seen to vanish due to symmetry requirements. Through similar arguments one 
shows that P^^ also vanishes. 

The proof of gauge independence for the MoUer scattering amplitude in the MCS theory 
is now complete. It greatly helps to establish the reliability of the quantization of the MCS 
model in the Coulomb gauge. 
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VII. CONCLUSIONS 

We started in this work by looking for the Coulomb gauge polarization vector of the free 
MCS theory. We found impossible to determine such vector by working only within the 
Coulomb gauge. The reason for this being clear, the MCS theory is a gauge theory whose 
gauge particle is massive when formulated in the Coulomb gauge. Hence, one can think 
of a frame of reference where this quanta is at rest. In such frame {k = 0) the Coulomb 
condition k ■ e{k) = is not longer operative. The way out from the trouble consisted in 
finding first the polarization vectors of the Landau gauge, where there exist massive and 
massless gauge particles. The massless excitation is a gauge artefact that dissapears when 
gauge transformed into the Coulomb gauge. The polarization vector associated with the 
massive excitation provides, after being gauge transformed, the Coulomb gauge polarization 
vector, which turned out to be free of ambiguities. In 2+1-dimensions the Coulomb gauge 
appears to be as respectable as it is in 3+1-dimensions, in the sense that it only allows for 
physical excitations. 

We constructed, afterwards, a set of quantum densities obeying the Dirac-Schwinger 
algebra. These densities were taken as the Poincare densities and served to build the Poincare 
generators. Particular attention was dedicated to the generator of spatial rotations. It was 
shown that the spin of the massive gauge particles originates from the highly unconventional 
mathematical structure of the Coulomb gauge polarization vector. 

The MCS gauge particles were then allow to interact with charged fermions. A prac- 
tical test of the Coulomb gauge Feynman rules for the interacting theory was carried out 
in connection with the MoUer scattering amplitude. As demanded by gauge invariance, the 
result was shown to agree, to all orders in perturbation theory, with that obtained by us- 
ing covariant Feynman rules. This proof was based on the observation that the Coulomb 
gauge Feynman rules can be phrased in terms of an effective photon propagator, the in- 
frared safe propagator [0,|1^] , which allows for the replacement of all terms in the interaction 
Hamiltonian (see Eq.(p.6|)) by the standard field-current minimal interaction. 
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To summarize, we believe to have contributed to establish that the quantization of the 
MCS in the Coulomb gauge is free of inconsistencies and can be systematically carried out. 
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FIGURES 
FIG. 1. A generic Feynman graph contributing to the Moller scattering amplitude. An internal 

photon line has been singled out. The box stands for the rest of the diagram. 
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